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ON BI-INVARIANT WORD METRICS
ŚWIATOSŁAW R. GAL AND JAREK KĘDRA
Abstract. We prove that bi-invariant word metrics are bounded
on certain Chevalley groups. As an application we provide restric-
tions on Hamiltonian actions of such groups.
1. Introduction
1.A. The result. Let OV ⊂ K be a ring of V-integers in a number
field K, where V is a set of valuations containing all Archimedean
ones. Let Gπ(Φ,OV) be the Chevalley group associated with a faithful
representation π : g→ gl(V) of a simple complex Lie algebra of rank at
least two (see Section 4.A for details).
Theorem 1.1. Let Γ be a finite extension or a supergroup of finite
index of the Chevalley group Gπ(Φ,OV). Then any bi-invariant metric
on Γ is bounded.
The examples to which Theorem 1.1 applies include the following
groups.
(1) SL(n;Z); it is a non-uniform lattice in SL(n;R).
(2) SL
(
n;Z
[p
2
])
; the image of its diagonal embedding into the
product SL(n;R)×SL(n;R) is a non-uniform lattice.
(3) SO(n;Z) := {A ∈ SL(n,Z) |AJAT = J} , where J is the matrix with
ones on the anti-diagonal and zeros elsewhere. It is a non-
uniform lattice in the split real form of SO(n,C).
(4) Sp(2n;Z); it is a non-uniform lattice in Sp(2n;R). Its nontrivial
central extension by the infinite cyclic group has unbounded
bi-invariant word metric (see Example 3.11).
The details of these and other examples are presented in Section 4.C
on page 12.
1.B. Remarks. The proof of Theorem 1.1 follows from the bounded-
ness of the bi-invariant word metric. This is the usual word metric
induced by a set of generators invariant under conjugation. Such
generating sets are in general infinite. However, if a group Γ is gen-
erated by conjugates of finitely many elements then the Lipschitz
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equivalence class of such metrics is well defined and it is maximal
among all bi-invariant metrics. In particular, if such a bi-invariant
word metric is bounded then so is any bi-invariant metric.
Thus the proof amounts to showing that the bi-invariant word metric
is bounded on a group Γ as in Theorem 1.1. It is a combination of
two known facts. The first is that the group G(OV) has bounded gen-
eration. This means that there is a subset X ⊂G(OV) and a number
m ∈ N such that every element g ∈ G(OV) is a product of at most m
elements from X. The second fact is that the bi-invariant word norm
is bounded on X. The details are presented in Section 4.A.
Although the bounded generation is inherited by finite index sub-
groups, bi-invariant word metrics do not behave well with this re-
spect. For example, Z is an index two unbounded subgroup in the
infinite dihedral group that is bounded (Example 2.7). In Section 3,
we present (mostly well known) tools used to prove unboundedness
of bi-invariant word metrics.
Question 1.2. Suppose that G is semisimple real Lie groups of higher
rank and with finite centre. Is a lattice Γ ⊂G bounded with respect
to the bi-invariant word metric?
Notice that certain lattices in groups of rank 1 admit nontrivial homo-
geneous quasi-homomorphisms which implies that their bi-invariant
word metrics are unbounded (see Lemma 3.6).
The commutator length (on a perfect group), and its generalisation
due to Calegari and Zhuang [4] called the W-length, as well as the
torsion length (on a group generated by torsion elements) [16] in-
duce bi-invariant metrics. Although they are all interesting in their
own rights our main motivation for understanding bi-invariant word
metrics was different.
1.C. A motivation and application. Let (M,ω) be a symplectic man-
ifold and let Ham(M,ω) denote the group of compactly supported
Hamiltonian diffeomorphisms of (M,ω). It admits a bi-invariant met-
ric, called the Hofer metric (see Section 5.A for definition). This metric
is known to have infinite diameter in many cases and no example of
a symplectic manifold of positive dimension with the Hofer metric of
finite diameter is known. We would like to understand the algebraic
structure of Ham(M,ω) in the sense of the following question.
Question 1.3. What are the finitely generated subgroups of the group
of Hamiltonian diffeomorphisms of a symplectic manifold?
Corollary 1.4. Let (M,ω) be a symplectic manifold. Let Γ be a finite ex-
tension or a supergroup of finite index of a Chevalley group Gπ(Φ,OV).
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Then the image of a homomorphism
Γ→Ham(M,ω)
lies within a bounded distance from the identity with respect to the
Hofer metric.
Proof. A homomorphism ϕ : Γ→Ham(M,ω) is Lipschitz with respect
to the bi-invariant word metric on Γ and the Hofer metric on the
group of Hamiltonian diffeomorphism (see Lemma 2.4). Since the
bi-invariant word metric is bounded on Γ according to Theorem 1.1,
the image of ϕ is bounded in Ham(M,ω). 
1.D. Remarks. There are examples of nontrivial Hamiltonian actions
of arithmetic lattices on closed symplectic manifolds (see Example
5.3). In all examples known to us, such an action factors through a
compact group.
The well known result of Polterovich [20] states that there are no
nontrivial Hamiltonian actions of certain lattices on symplectically
hyperbolic manifolds [15].
Question 1.5. What are the bounded (and finitely generated) sub-
groups of Ham(M,ω)?
Question 1.6. Is there a closed symplectic manifold (M,ω) and a
lattice Γ in a semisimple Lie group such that there exists a homo-
morphism Γ→Ham(M,ω) which does not factor through a compact
group?
2. Preliminaries on bi-invariant word metrics
2.A. The word metric. Let Γ be a group generated by a set S ⊂ Γ.
The word norm on Γ with respect to S is defined by
|g |S =min{k ∈N |g = si1 . . . sik , where si ∈ S}.
Suppose that S = S−1. It is a standard fact that the above function
satisfies the following properties for all elements g ,h ∈ Γ.
(1) |g |S ≥ 0
(2) |g |S = 0 if and only if g = 1
(3) |g h|S ≤ |g |S +|h|S
(4) |g−1|S = |g |S
Such a norm defines a right-invariant metric dS on Γ by
dS(g ,h)= |g h−1|S .
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The metric is called the word metric associated with the generating
set S. The geometry of such metrics for finitely generated groups
has been a subject of extensive research during the last few decades
originating in Gromov [10].
2.B. Bi-invariant word metrics. If the generating set S is invariant
under the conjugation then so is the norm. That is, for all g ,h ∈Γ we
have
|hg h−1|S = |g |S .
The induced metric is then bi-invariant. Let S ⊂ Γ be a subset nor-
mally generating Γ. This means that Γ is generated by
S :=
⋃
g∈Γ
g Sg−1.
The set S is invariant under the conjugation. If S is a generating set
then, since S ⊂ S, we have
|g |S ≤ |g |S
for every g ∈ Γ. If Γ is Abelian then the two norms coincide. In
general, the bi-invariant norm is strictly smaller on some elements.
Remark 2.1. The basic properties presented in this section are el-
ementary and can be found in the paper of Burago, Ivanov and
Polterovich [2], where they investigate bi-invariant metrics on groups
of diffeomorphisms of manifolds.
In general, not much is known for bi-invariant word metrics with an
exception for the commutator length (see Section 3.B).
Example 2.2. Let Γ= F2 be a free group generated by two elements.
Let S = {x, x−1, y, y−1}. Observe that
|yn x y−n |S = 1 and |yn x y−n |S = 2n+1.
♦
Example 2.3. If Γ has finitely many conjugacy classes then any bi-
invariant metric is bounded. ♦
2.C. The Lipschitz property. A group G is normally finitely gen-
erated if there exists a finite set S ⊂G, such that G is generated by
all the conjugates of elements of S.
Lemma 2.4. Let Γ be a group normally generated by a finite set S =
S−1. Let G be a group equipped with a bi-invariant norm ‖ ‖. A
homomorphism ψ : Γ→ G is Lipschitz. That is, there exists a positive
constant µ ∈R such that
‖ψ(g )‖≤µ|g |S
for every g ∈Γ.
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Proof. Let µ := max{‖ψ(s)‖| s ∈ S} and let g = sh1
i1
. . . s
hk
ik
be a word of
minimal length showing that |g |S = k. Then
‖ψ(g )‖ =
∥∥∥ψ(si1)ψ(h1) . . .ψ(sik )ψ(hk )
∥∥∥
≤
k∑
j=1
‖ψ(si j )‖
≤ µk =µ|g |S

Example 2.5. If G is a simple group then it is normally generated
by {g , g−1} for any g 6= Id. Let us apply this to the group of Hamil-
tonian diffeomorphisms of a closed symplectic manifold. Let Id 6= g ∈
Ham(M,ω) and let S = {g , g−1}. Then
| f |S ≥
1
‖g‖‖ f ‖
for every f ∈Ham(M,ω) where ‖ f ‖ denotes the Hofer norm. ♦
The Lipschitz equivalence class of a bi-invariant word metric on a
normally finitely generated group is well defined. And this class is
maximal in the sense that any other bi-invariant metric is Lipschitz
with respect to it. More precisely, the identity from the word metric to
any other bi-invariant metric is Lipschitz. In particular, a normally
finitely generated group G admits an unbounded bi-invariant metric
if and only if the bi-invariant word metric is unbounded.
2.D. Convention. In what follows, we shall frequently abuse termi-
nology by saying the bi-invariant word metric having in mind the
Lipschitz equivalence class of such metrics. The notation dΓ will
mean dS for some finite generating set S ⊂ Γ.
Corollary 2.6. Let Γ be a group normally generated by a finite set. If
the associated bi-invariant word metric is bounded then every quotient
of Γ is bounded. In particular, the abelianisation Γ/[Γ,Γ] is finite. 
Example 2.7. Let Γ = Z/2⋆Z/2 be the infinite dihedral group. It is
direct calculation that the bi-invariant word metric is bounded by 2.
On the other hand, Γ contains an infinite cyclic subgroup of index
two which has, of course, unbounded bi-invariant metric. This shows
that the inclusion of a finite index (normal) subgroup is not Lipschitz.
♦
Corollary 2.8. Let Γ be a finitely generated group and let π : Γ→ ∆
be a surjective homomorphism. If s : ∆→ Γ is a left inverse of π, that
is, s ◦π= Id∆, then the bi-invariant word metric on ∆ induced from Γ is
equivalent to the bi-invariant word metric d∆. 
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Corollary 2.9. If F→ Γ→∆ is a split extension with finite kernel then
the quotient map is a bi-Lipschitz equivalence. 
3. When a bi-invariant metric is unbounded?
Most of the material presented in this section is known and standard,
except possibly for the part about extensions.
3.A. Distortion [10, Section 3].
Let G be a group equipped with a norm ‖ ‖. The translation length
of an element g ∈G is defined by
τ(g ) := lim
n→∞
‖g n‖
n
.
Lemma 3.1. For every g ∈G we have τ(g )= infn ‖g
n‖
n
.
Proof. First, observe that 0≤ ‖g
n‖
n
≤ ‖g‖ and hence the above infimum
exists. Let us denote this infimum by µ. Let ǫ > 0 and let m ∈ N be
such that
‖g m‖
m
<µ+ǫ.
Choose an n > m‖g‖
ǫ
and write it as n = am+b, for some a,b ∈N with
b <m. Then we have
‖g n‖ = ‖g am+b‖ ≤ ‖g am‖+‖g b‖ ≤ a‖g m‖+‖g b‖.
It follows that
‖g n‖
n
≤ ‖g
m‖
m
+ǫ<µ+2ǫ.
Since ǫ is arbitrary, this shows that
lim
n→∞
‖g n‖
n
≤µ
which finishes the proof. 
An element g ∈G is called distorted with respect to the norm ‖ ‖ if
its translation length is equal to zero and undistorted otherwise.
Lemma 3.2. Let ψ : Γ→G be a homomorphism. If ψ(g ) is undistorted
then so is g . 
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3.B. The commutator length [3]. Let G be a group. The commuta-
tor length
cl : [G,G]→R
is defined to be the length of the shortest word expressing g and
consisting of commutators of elements from G. Notice that if G =
[G,G] then the commutator length is a bi-invariant norm on G. Thus
following observation is direct consequence of Lemma 2.4.
Lemma 3.3. Let Γ be a perfect group generated by a finite set S = S−1.
Then there exists a constant ν> 0 such that
cl(g )≤ ν|g |S
for every g ∈ Γ. In other words, the bi-invariant word norm is Lipschitz
with respect to the commutator length. 
The stable commutator length of an element g ∈G is defined as the
translation length with respect to the commutator length. That is,
scl(g ) := lim
n→∞
cl(g n)
n
.
The previous lemma has an immediate corollary.
Corollary 3.4. Let τS denote the translation length of the S-word norm
on a perfect group Γ generated by a finite set S. Then
scl(g )≤ ντS(g )
for every g ∈Γ and the constant ν from Lemma 3.3. 
3.C. Quasi-homomorphisms [17]. Let G be a group. A quasi-homo-
morphism
q : G→R
is a function such that there exist a constant D≥ 0 (called the defect
of q) such that
|q(g )−q(g h)+q(h)| ≤D
for every g ,h ∈G. A quasi-homomorphism is called homogeneous if
q(g n)= nq(g )
for every g ∈G and every n ∈Z. If q : G→R is a quasi-homomorphism
with defect D then the formula
q̂(g ) := lim
n→∞
q(g n)
n
defines a homogeneous quasi-homomorphism and we have
|q(g )− q̂(g )| ≤D
for all g ∈ G. Thus if q is unbounded then so is its homogenisation
and if q is bounded then its homogenisation is identically zero.
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Lemma 3.5. [3, Theorem 2.70] Let G be a perfect group and let
q : G→ R be a homogeneous quasi-homomorphism. Then there exists
a positive constant C> 0 such that
|q(g )| ≤C scl(g )
for every g ∈G.
Lemma 3.6. Let q : Γ→ R be a quasi-homomorphism of a group gen-
erated by a finite set S. Then there exists a constant C> 0 such that
|q(g )| ≤C|g |S
for every g ∈Γ.
Proof. Let µ := max{|q(s)| | s ∈ S}. Let g ∈ Γ be of S-length equal to k.
That is, g = sh1
i1
. . . s
hk
ik
. The following calculation follows directly from
the quasi-homomorphism property of q.
|q(g )| =
∣∣∣q (sh1
i1
. . . s
hk
ik
)∣∣∣
≤ (k−1)D+
k∑
j=1
∣∣∣q (sh j
i j
)∣∣∣
≤ (k−1)D+
k∑
j=1
(2D+|q(si j )|)
≤ kD+2kD+kµ
≤ (3D+µ)|g |S

Corollary 3.7. If q : Γ→R is a homogeneous quasi-homomorphism on
a group generated by a finite set S then there exists a constant C > 0
such that
|q(g )| ≤CτS(g )
for every g ∈ Γ. Consequently, if q(g ) 6= 0 then g is undistorted with
respect to the bi-invariant word metric. 
Example 3.8. If Γ is a hyperbolic group then, due to Epstein and Fu-
jiwara [8] the secound bounded cohomology group is infinite dimen-
tional, therefore the comparison map H2
b
(Γ;R)→H2(Γ;R) has kernel,
and as a corollary there exists nontrivial, thus unbounded quasimor-
phism on Γ Consequently, the bi-invariant word metric on a non-
elementary hyperbolic group is unbounded. ♦
3.D. Extensions.
Proposition 3.9. Let K
i→ Γ̂ π→ Γ be an extension with bounded ker-
nel K. Then Γ̂ is bounded if and only if the group Γ is bounded.
In particular, an extension of a bounded group by a finite group is
bounded.
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Proof. If the extension is bounded then the quotient is bounded due
to the Lipschitz property of the quotient homomorphism (see Section
2.C).
Suppose that the bi-invariant word metric of the quotient is bounded
by m. Let s : Γ→ Γ̂ be a section such that s(1)= 1. Let Ŝ be a gener-
ating set of Γ̂ containing the image s(S) of the generating set of the
quotient. Let κ :=max{|i (k)|Γ̂ |k ∈K}.
Let gˆ ∈ Γ̂ be any element. Let π(gˆ ) = g1 . . . gm. The following calcula-
tion yields the proof.
|gˆ |Γ̂ = |s(π(gˆ ))i (k)|Γ̂
= |s(g1 . . . gm)i (k)|Γ̂
= |s(g1) . . . s(gm)i (k1) . . . i (km)i (k)|Γ̂
≤ m+|i (k1 . . .kmk)|Γ̂
≤ m+κ.

Proposition 3.10. Let Z
i→ Γ̂ π→ Γ be a central extension associated
with the class 0 6= [c] ∈ H2(Γ,Z). If the cocycle c is bounded then the
image i (Z)⊂ Γ̂ is unbounded. Consequently, Γ̂ is unbounded.
Proof. Let B be a constant such that |c(g ,h)| ≤ B for every g ,h ∈ Γ.
Let s : Γ→ Γ̂ be a section such that s(1) = 1. Let S be a set normally
generating Γ. Then its image s(S) normally generate Γ̂. We consider
the word metrics with respect to these sets.
Suppose, on the contrary to the statement, that i (Z)⊂ Γ̂ is bounded.
That is there exists a constant C such that |i (k)|Γ ≤C for every k ∈ Z.
For any k ∈Z we have the following equalities.
i (k) = s(g1)s(g2) . . . s(gm)
= s(g1g2)s(g3) . . . s(gm)c(g1, g2)
= s(g1g2 . . . gm)c(g1, g2)c(g1g2, g3) . . .c(g1g2 . . . gm−1, gm)
= c(g1, g2)c(g1g2, g3) . . .c(g1g2, gm−1, gm)
It follows that |k| ≤ (m−1)B ≤ CB which is a contradiction for k ∈ Z
was chosen to be arbitrary. 
Example 3.11. Let Γ = Sp(2n,Z) ⊂ Sp(2n;R) be a lattice and let Γ̂
be the central extension that is the pullback of the universal cover
S˜p(2n;R)→ Sp(2n;R) with respect to the inclusion of the lattice.
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It is known that this extension is associated with a bounded coho-
mology class and hence Ŝp(2n;Z) is unbounded, due to Proposition
3.10. On the other hand, the quotient Sp(2n;Z) is a Chevalley group
and, according to Theorem 1.1, it is bounded. ♦
4. Bi-invariant word metrics on Chevalley groups
4.A. Chevalley groups. Let π : g → gl(V) be a representation of a
complex semisimple Lie algebra and let O be a commutative ring
with unit. Let Φ denotes the root system associated with a Cartan
subalgebra h⊂ g. With these data there are associated two groups
Eπ(Φ,O)⊂Gπ(Φ,O)
called the elementary Chevalley group and the Chevalley group
respectively. If O is a field then these groups coincide and are well
understood [1, 5, 21]. The situation over rings is much more delicate
[23]. Let us define the groups.
The elementary Chevalley group Eπ(Φ,O) is defined as the subgroup
of the automorphism group Aut(VZ⊗ZO) generated by elements of the
form
xα(t ) := exp(tπ(xα))
where α ∈Φ is a root and t ∈O. Here, VZ is an admissible Z-form of V,
that is, an integral lattice preserved by the representation, see Borel
[1] for details.
Let G⊂G(n,C) be a complex Lie group corresponding to the Lie alge-
bra g, where the identification GL(V)∼=GL(n,C) is done via the basis
of VZ. This basis defines coordinate functions on GL(n,C) restrictions
of which generate a Hopf subalgebra Z[G]⊂ [G] in the coordinate ring
for G. The Chevalley group is defined to be an affine group scheme
over the integers
Gπ(Φ,O) :=Hom(Z[G],O).
Remark 4.1. Both definitions above depend on the choice of the ad-
missible Z-form VZ. This choice is not mentioned in our abused
notation.
It is not difficult to see that there is an inclusion Eπ(Φ,O)⊂Gπ(Φ,O).
Moreover, if G is of rank at least two and O = OV is the ring of V-
integers in a number field then the two groups coincide (see Tavgen’
[22, Lemma 4]).
Lemma 4.2. [5, Theorem 5.2.2] The generators xα(t ) ∈ Eπ(Φ,O) satisfy
the following commutation relations,
[xα(k), xβ(l )]=
∏
i , j
xiα+ jβ(C(−l )i k j )
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where i , j are positive integers such that iα+ jβ is a root and C is an
integer such that |C| ≤ 3. The product is taken in the order of increasing
i + j . 
4.B. Proof of Theorem 1.1. We shall prove the statement for the
elementary Chevalley group. Since it is of finite index in the Chevalley
group the result follows for the latter and for a general Γ as in the
statement of theorem as well.
We shall show that there exists a positive number m ∈ R such that
for every element g ∈ Eπ(Φ,OV) and every n ∈ Z we have |g n | ≤ m.
The first step is to prove this claim for an element of the form xα(r ) ∈
Eπ(Φ,OV), where α ∈Φ is a root and r ∈OV.
There exist a subsystem Ψ ⊂ Φ of rank two isomorphic to either A2
or B2 and containing α. Indeed, there is a subsystem of rank two
containing α and it follows from the simplicity and the higher rank
that this system has to be simple of rank two, that is one of A2,B2,G2.
It is then easy to see that each root in G2 is contained in some A2.
Observe that there exists β,γ ∈Ψ such that α = β+γ and no other
positive combination of β and γ is a root. It follows from Lemma 4.2
that
xα(−Ckr )= [xβ(kr ), xγ(1)]
where k ∈ Z and C=±1,±2 or ±3. Thus we obtain that
|xα(Cr )k | = |xα(r )Ck | ≤ 2
which implies that the cyclic subgroup generated by xα(r ) stays
within a bounded distance from the identity.
It is a result of Tavgen’ [22] that the group Eπ(Φ,OV) has bounded
generation with respect to the set of elements of the form xα(r ). That
is, there is a constant B ∈N such that every g ∈Eπ(Φ,OV) is a product
of at most B elements of the form xα(r ).
Let ρ1, . . . ,ρn ∈ OV be elements such that there is an isomorphism
OV
∼= Zρ1⊕ . . .⊕Zρn of abelian groups. Let S := {xα(ρi )} be a set of
generators of Gπ(Φ,OV) and let µ be a number such that
|xα(ρi )k |S ≤µ
for all 1≤ i ≤ n, α ∈Φ and k ∈Z.
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Putting the two results together we obtain the following estimate for
every g ∈Eπ(Φ,OV).
|g |S = |xα1 (r1)k1 . . . xαl (rl )kl |S
= |xα1 (ρ1)k11 . . . xα1 (ρn)k1n . . . xαl (ρ1)kl1 . . . xαl (ρn)kln |S
= |xα1 (ρ1)k11 |S + . . .+|xαl (ρn)kln |S
≤ µln ≤µBn.

Corollary 4.3. Let Γ be a group as in Theorem 1.1. Then
(1) if Γ is perfect then the commutator length is bounded on Γ and
hence its stable commutator length is zero;
(2) if Γ is generated by torsion elements then the torsion length is
bounded;
(3) every quasi-homomorphism q : Γ→R is bounded. 
4.C. Properties and examples of Chevalley groups. Suppose that
G is an algebraic group defined over O. It is clear from the definition
of (elementary) Chevalley group that we have inclusions
Eπ(Φ,OV)⊂Gπ(Φ,OV)⊂G(O).
In what follows we list various examples of bounded groups. Notice
that each example provides more groups by taking finite extensions,
quotients and finite index supergroups.
Example 4.4. The special linear group SL(n,Z) for n ≥ 3 is bounded
because it is the Chevalley group G(An−1,Z). It is a non-uniform
lattice in SL(n,Z). ♦
Example 4.5. The special linear group SL(n,Z[
p
2]) for n ≥ 3 is bounded
because it is the Chevalley group G(An−1,Z[
p
2]). It is a non-uniform
lattice in SL(n,Z)×SL(n,Z). ♦
Example 4.6. The special linear group SL(n,Z[i ]) for n ≥ 3 is bounded
because it is the Chevalley group G(An−1,Z[i ]). It is a non-uniform
lattice in SL(n,C). ♦
Example 4.7. Let B be a quadratic form represented by the matrix
with ones on the antidiagonal and zeros elsewhere. The associated
orthogonal group SO(n,n+1,Z) for n ≥ 2 is bounded because it is the
Chevalley group G(Bn ,Z). It is a non-uniform lattice in SO(n,n+1). A
similar example exists for the root system Dn. ♦
Example 4.8. For the root system Cn we obtain that the Chevalley
group G(Cn ,Z) is equal to Sp(2n;Z) and it is a non-uniform lattice in
the split real form Sp(2n;R). ♦
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5. Hamiltonian representations
5.A. The Hofer metric [11, 19]. Let (M,ω) be a symplectic manifold.
That is, M is a smooth manifold and ω is a closed and non-degenerate
two-form.
Let H: M×R → R be a smooth function. It follows from he non-
degeneracy of the symplectic form that the time-dependent vector
field satisfying the identity
ιXtω= dH( , t )
is well defined. Moreover, according to the closeness of the symplectic
form the flow ft of this vector field preserves the symplectic form,
f ∗t ω=ω.
A diffeomorphism obtained this way is called Hamiltonian and the
group of Hamiltonian diffeomorphisms is denoted by Ham(M,ω).
Let f ∈Ham(M,ω) be a compactly supported Hamiltonian diffeomor-
phism generated by a function H. The following formula
‖ f ‖ := inf
H
∫1
0
oscH( , t )d t
defines a bi-invariant norm called the Hofer norm. The induced bi-
invariant metric is also called the Hofer metric. It is known to be
unbounded in many cases [7, 18].
5.B. Ad hoc examples of Hamiltonian representations.
Example 5.1. Let ∆ be a graph and let Γ∆ be the right-angled Artin
group associated with ∆. That is, Γ∆ is generated by the vertices
v1, . . . , vm of ∆modulo the following commutation relations [vi , v j ]= 1
if and only if {vi , v j } is not an edge of ∆.
Let {Ui } ⊂ M be a family of open subset such that their incidence
graph is isomorphic to ∆. Let fi ∈ Ham(M,ω) be a diffeomorphism
supported in Ui . The map Γ∆ → Ham(M,ω) defined by vi 7→ fi is
clearly a homomorphism.
Such representations provide sometimes less obvious representa-
tions due to the fact that right-angled Artin groups contain many
interesting subgroups [12]. The injectivity of certain Hamiltonian
actions of right-angled Artin groups on two-dimensional sphere has
been proven by M.Kapovich [13]. ♦
Example 5.2. Suppose that Ham(M,ω) contains two tori T1 and T2
with nonempty intersection T1∩T2 6= ;. By choosing a finite number
of generators f1, . . . , fn ∈T1∪T2 we obtain a representation
A⋆B C→Ham(M,ω)
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of a finitely presented nontrivial amalgamated product of two Abe-
lian groups. For example, if (M,ω) is a Hirzebruch surface then,
in general, Ham(M,ω) contains two dimensional tori satisfying the
above assumption [14]. This way we obtain examples of Hamiltonian
actions of finitely presented groups which do not extend to an action
of a compact group. ♦
Notice that in the above examples the groups are unbounded with
respect to the bi-invariant word metric (with few obvious exceptions).
Recall that Corollary 1.4 states that the image of a Hamiltonian action
ϕ : Γ→Ham(M,ω), where Γ is either a finite extension or a supergroup
of finite index of a Chevalley group is bounded. The only examples of
bounded subgroups of the group of Hamiltonian diffeomorphisms of
a closed symplectic manifold we know are subgroups of compact Lie
groups.
Example 5.3. Let H⊂Ham(M,ω) be the inclusion of a connected Lie
group. According to a theorem of Delzant [6], if H is semisimple then
it is compact. Let G be a non-compact connected semisimple Lie
group and let Γ⊂G×H be an irreducible lattice. For example, let Jp.q
be the diagonal matrix with the first p entries equal to one and the
last q entries equal to −
p
2, where p ≥ q > 1. Let
Γ := {A ∈ SL(p+q,Z[
p
2]) |AJAT = J}
It is known that Γ is a cocompact irreducible lattice in SO(p, q)×
SO(p+q). Taking the composition of the inclusion and the projection
onto the second factor we obtain and a highly nontrivial Hamiltonian
action of Γ on coadjoint orbits of SO(2n). Notice, however that Γ is
not a Chevalley group. ♦
In the noncompact case the situation is different.
Example 5.4. Let D(r ) ⊂ R2n be an open 2n- dimensional disc of
radius r centred at the origin. It induces an inclusion
Ham(D(r ),ω0)⊂Ham(R2n ,ω0).
The Hofer diameter of Ham(D(r ),ω0) is infinite since it can be es-
timated from below by the absolute value of the Calabi homomor-
phism.
On the other hand, the above inclusion is highly distorted. It is a
result of Sikorav (Theorem 5 in Chapter 5 of Hofer-Zehnder [11]) that
Ham(D(r ),ω0) is within a bounded distance from the identity with
respect to the Hofer metric on Ham(R2n). ♦
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5.C. Other restrictions on actions of lattices.
Example 5.5. Let Γ be a irreducible non-uniform lattice in a semisim-
ple Lie group of higher rank. It is a result of Polterovich [20] that if
(M,ω) is a closed symplectically hyperbolic manifold then there is no
non-trivial homomorphism Γ→Ham(M,ω). It would be interesting to
know if there are nontrivial bounded subgroups in Ham(M,ω) where
(M,ω) is symplectically hyperbolic. ♦
Our final comment is concerned with actions supported on a proper
subset of a manifold. In such cases there are severe restrictions com-
ing from Thurston Stability as presented by Franks in [9]. It implies
that there is no chance for embedding a lattice Γ⊂G in a semisimple
Lie group of higher rank into a compactly supported diffeomorphisms
of a non-compact manifold.
Proposition 5.6. Let Γ be a finitely generated group. Let Γ→Diff(M)
be a smooth effective action with support strictly smaller than M. Then
either Γ is trivial or it admits a nontrivial homomorphism Γ→R. 
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